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Theorem 1. $R(x)=h(x)/g(x)$ $\mathbb{R}$ $\mathbb{R}$
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(1) $a_{1}<a_{2}<\cdots<a_{n}$ $g(x)= \prod_{k=1}^{n}(x-a_{k})$
(2) $h(x)$, deg $(h(x))\leq n+1$ $h(a_{k})\neq 0(k=1,2, \cdots, n)$
(3) $R$ $(a_{J}, a_{J+1})$ $R_{j}$ $J=0,1,$ $\ldots,$ $n$
$a0=-\infty$ $a_{n+1}=\infty$
(4) $R$ $R(z_{0})=z_{0}$ 2 $R(z_{0})=\overline{z_{0}}$
$z0=x_{0}+i^{y_{0}}\in \mathbb{C}\backslash \mathbb{R}$
$\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(R(x))dx=\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(x)dx$
essentially bounded real-valued function $f(x)$
$d\mu=(1/\pi){\rm Im}(1/(x-z_{0}))dx$ $R$
Theorem 1 Theorem 2 Theorem 3 Theorem
1 (1) (2) $R(x)$
$R(x)= \alpha x+\beta-\sum_{k=1}^{n}\frac{b_{k}}{x-a_{k}}$ . (1.1)
$\lim_{xarrow a_{k}}|R(x)|=\infty$ $\lim_{x\uparrow a_{k}}R(x)=-\lim_{x\downarrow a_{k}}R(x)(k=1,2, . . , n)$
Theorem 1 (3) $(a_{J}, a_{J+1})$ $R_{j}$ $:=R|_{(a_{j},a_{l+1})}$
$J=0,$ 1, . , $n$ $j=0,1,$ $\ldots,$ $n$
$\alpha\geq 0,$ $b_{k}>0(k=1, .,n)$ (1.2)
$\alpha\leq 0,$ $b_{k}<0(k=1, \ldots,n)$ (1.3)
$\mathbb{C}_{+}=\{z\in \mathbb{C}|{\rm Im}(z)>0\}$ $\mathbb{C}_{-}=\{z\in \mathbb{C}|{\rm Im}(z)<0\}$ (1.2)
$R(\mathbb{C}_{+})\subset \mathbb{C}+$ $R(\mathbb{C}_{-})\subset \mathbb{C}_{-}$ $R(z_{0})=$ $z_{0}\in \mathbb{R}$
(1.3) $R(\mathbb{C}+)\subset \mathbb{C}_{-}$ $R(\mathbb{C}_{-})\subset \mathbb{C}+$ $R(z_{0})=z_{0}$
$z_{0}\in \mathbb{R}$
$i$ Theorem 1 Theorem 2 Theorem 3
Theorem 2. $\alpha\geq 0,$ $\beta\in \mathbb{R},$ $b_{k}>0(k=1, \ldots, n)$
$R(x)= \alpha x+\beta-\sum_{k=1}^{n}\frac{b_{k}}{x-a_{k}}$
$R(z_{0})=z_{0}$ $z_{0}=x0+iy_{0}\in \mathbb{C}\backslash \mathbb{R}$
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$\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(R(x))dx=\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(x)dx$
essentially bounded real-valued function $f(x)$ Q
Theorem 3. $\alpha\leq 0,$ $\beta\in \mathbb{R},$ $b_{k}<0(k=1, \ldots,n)$
$R(x)= \alpha x+\beta-\sum_{k=1}^{n}\frac{b_{k}}{x-a_{k}}$
$R(z_{0})=\overline{z_{0}}$ $z_{0}=x_{0}+iy_{0}\in \mathbb{C}\backslash \mathbb{R}$
$\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(R(x))dx=\int_{-\infty}^{\infty}{\rm Im}\frac{1}{x-z_{0}}f(x)dx$
essentially bounded real-valued function $f(x)$
Theorem 2
$\alpha>0,$ $b_{k}>0(k=1, \ldots, n)$
([7])
$\alpha>0,$ $b_{k}>0(k=1, \ldots, n)$ $i=0,1,$ $\ldots,$ $n$
$R_{j}$ $R_{j}((a_{j)}a_{J+1}))=(-\infty, \infty)$ $R_{j}$
$R_{j}^{-1}$ ‘ $R(R_{j}^{-1}(y))=y$ $j=0,1,$ $\ldots,$ $n$ $y\in \mathbb{R}$
$R(R_{j}^{-1}(y))=y$
$yg(R_{j}^{-1}(y))-h(R_{j}^{-1}(y))=0$ $(j=0,1, \ldots,n, y\in \mathbb{R})$ (1.4)
$\alpha\neq 0$ $yg(x)-h(x)$ $(n+1)$ $x$
$yg(x)-h(x)=- \alpha\prod_{j=0}^{n}(x-R_{j}^{-1}(y))$ (1.5)








${\rm Im} \frac{1}{y-z_{0}}=\sum_{i=0}^{n}{\rm Im}\frac{(R_{i}^{-1})’(y)}{R_{i}^{-1}(y)-z_{0}}$ (1.7)
${\rm Im}(1/(x-z_{0}))$ $z_{0}\in \mathbb{R}\backslash \mathbb{C}$ $\mathbb{R}$
$R_{1}(a_{i}+0)=-\infty$ $R_{i}(a_{i+1}-0)=\infty$ (1.7)












$\lambda$ $(T, \lambda)$ $(R, \mu)$ $\mathbb{R}$





$x\not\in\{a_{1}, a_{2}, \ldots, a_{n}\}$
$N(O, \sigma^{2})(y)(\sigma^{2}>0)$ $0$ $\sigma^{2}$
$N(O, O)(y)$ Dirac measure




$\mu- a.e$ . $f^{*}(x)$ $M$ $(M\in N)$
(2) $f(x)$ $\mathbb{R}$ $\nu$ $\mu$ $\mathbb{R}$
$c;\geq 0$ ( $\sum_{i=0}^{M}$ $=1$) $\sigma_{t^{2}}\geq 0(i=1,2, \ldots, M)$
$\lim_{n}$
, $\{\frac{1}{\sqrt{n}}\sum_{k=0}^{n-1}(f(R^{k}x)-f^{*}(x))\leq y\}=\sum_{i=1}^{M}$ $N(0, \sigma_{i^{2}})(y)$ (2.3)
$\sigma_{i^{2}}>0(i=1,2, \ldots, M)$ $(1+x^{2})(d\nu/dx)$
$C>0$
$\sup_{y\in R}|\nu\{\frac{1}{\sqrt{n}}\sum_{k=0}^{n-1}(f(R^{k}x)-f^{*}(x))\leq y\}-\sum_{1=1}^{M}$ $N(0, \sigma_{i}^{2})(y)|\leq\frac{C}{\sqrt{n}}$ (2.4)
(3) $R(x)$ deg $(h(x))=n+1$ $(R, \mu)$ $exact$
$M=1$ $f(x)$ $\nu$ $\mu$ $\mathbb{R}$
$\lim_{narrow\infty}\frac{1}{n}\int\{\sum_{k=0}^{n-1}(f(R^{k}x)-\mu(f))\}^{2}d\mu=:\sigma^{2}$ (2.5)
$\lim_{narrow\infty}\nu\{\frac{1}{\sqrt{n}}\sum_{k=0}^{n-1}(f(R^{k}x)-\mu(f))\leq y\}=N(0, \sigma^{2})(y)$ (2.6)
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$N(O, \sigma^{2})(y)$ $\sigma^{2}>0$ $(1+x^{2})(d\nu/dx)$
$C>0$
$\sup_{y\in R}|\nu\{\frac{1}{\sqrt{n}}\sum_{k=0}^{n-1}(f(R^{k}x)-\mu(f))\leq y\}-N(0, \sigma^{2})(y)|\leq\frac{C}{\sqrt{n}}$ (2.7)
$n\in N$
3 Examples
2 4 $R(z_{0})=z_{0}$ $z_{0}\in \mathbb{C}.\backslash \mathbb{R}$
$R(x)-x$ $(a_{i}, a_{i+1})(i=1,2, \cdots n-1)$
$R(x)-x=0$ $n-1$
Proposition 3.1. $0\leq\alpha<1,$ $b_{k}>0(k=1, \ldots, n),$ $a_{1}<a_{2}<$ $<a_{n}$




$R(z_{0})=z_{0}$ $z_{0}\in \mathbb{C}\backslash \mathbb{R}$
Remark 3.1. (3.2) best possible $R(x)=\alpha x-$
$(x-a)^{-1}-(x+a)^{-1}$ $0\leq\alpha<1$ $a>0$
$R(x)$ $R(z_{0})=z_{0}$ $z_{0}\in \mathbb{C}\backslash \mathbb{R}$
Example 1. $R(x)=\alpha x-bx^{-1}$ $(0\leq\alpha<1, b>0)$ $\psi(x)=\sqrt{b}x$
$\psi^{-1}(R(\psi(x)))=\alpha x-x^{-1}$ $b=1$
$R(x)=\alpha x-x^{-1}$ Proposition 3.1 $z_{0}\not\in \mathbb{R}$
$z_{0}=iy_{0}=i\sqrt{1}/(1-\alpha)$ Q Theorem 2 $d\mu=\pi^{-1}{\rm Im}(1/(x-iy_{0}))dx$
$R$
$\frac{|x-z_{0}|^{2}}{|R(x)-z_{0}|^{2}}R’(x)=\frac{\alpha x^{2}+1}{\alpha^{2}x^{2}+1-\alpha}\geq\min(\frac{1}{\alpha},$ $\frac{1}{1-\alpha})>1$ (3.3)
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$R(x)=\alpha x-x^{-1}(0<\alpha<1)$ orem 4
$R$ $(a_{i}, a_{i+1})$ onto exact $M=1$
$\alpha=0$ $i=\sqrt{-1}$ $(-\pi/2, \pi/2)$
$T$
$T(t)=\{\begin{array}{ll}t+\pi/2, (-\pi/2<x<0)t-\pi/2, (0<x<\pi/2)\end{array}$
( , $\lambda$) $(R, \mu)$ ergodic
Example 2. $\mathbb{R}$





$x\neq\pm 1$ Theorem 4 1)




$T(t)=\{\begin{array}{ll}2t+\pi (-\pi/2<t<-\pi/4),2t (-\pi/4<t<\pi/4),2t-\pi (\pi/4<t<\pi/2)\end{array}$
( , $\lambda$) iteration
exact $(R, \mu)$ exact $M=1$
3 2
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